The radiative heat transfer between two dielectrics can be strongly enhanced in the near field in the presence of surface phonon-polariton resonances. Nevertheless, the spectral mismatch between the surface modes supported by two dissimilar materials is responsible for a dramatic reduction of the radiative heat flux they exchange. In the present paper we study how the presence of a graphene sheet, deposited on the material supporting the surface wave of lowest frequency, allows to widely tune the radiative heat transfer, producing an amplification factor going up to one order of magnitude. By analyzing the Landauer energy transmission coefficients we demonstrate that this amplification results from the interplay between the delocalized plasmon supported by graphene and the surface polaritons of the two dielectrics. We finally show that the effect we highlight is robust with respect to the frequency mismatch, paving the way to an active tuning and amplification of near-field radiative heat transfer in different configurations.
I. INTRODUCTION
Improving radiative heat exchanges between two bodies separated by a gap is a longstanting problem in physics. At large separation distance (i.e. far-field regime) energy exchanges result exclusively from propagative photons emitted by these media and the blackbody limit [1] sets the maximum heat flux which can be exchanged between two objects. However, at subwavelength distances (i.e. near-field regime) the situation radically changes [2, 3] . Indeed, at this scale, the evanescent photons which remain confined near the surface of materials [4] are the main contributors to the heat transfer [5, 6] by tunneling through the separation gap. It results from this transport a significant heat flux increase [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . In the presence of resonant surface modes [5] , a continuum of hyperbolic modes [23] or surface Bloch waves [24] , the radiative heat exchanges can drastically surpass by several orders of magnitude the prediction of Planck's blackbody theory. However, when the two media in interaction are dissimilar, the spectral mismatch between their optical properties limits dramatically the amount of energy they can exchange between each other [25] . To limit this effect, composite systems made with a single or several graphene sheets have been suggested . These systems exploit the exceptional optical properties of graphene [50, 51] . More specifically, the radiative heat transfer between suspended graphene sheets has been analyzed [29, 43] , as well as in configurations where graphene is deposited either on dielectric substrates [26-28, 31, 33, 35, 45, 49] or on metamaterials [36, 38, 39, 41, 42, 48] . Beside these fundamental develpements, the graphene sheets has also been considered for several applicative purposes, such as thermophotovoltaic conversion [30, 32, 37, 40, 47] , thermal rectification [44] and heat transfer amplification [46] .
In this paper we investigate the role that a graphene sheet can play on the near-field heat exchanges between two planar media which support two surface waves at two different frequencies in the Planck window where the near-field exchanges take place. To this aim we consider two polar materials and we analyze, using the Landauer-like theory of radiative heat exchanges [25] , the net heat flux exchanged between these media when a graphene is deposited on one of polar materials. The paper is structured as follows. In Sec. II, we present our physical system, introduce the optical properties of involved materials and remind the definition heat flux exchanged both in near field and in far field between two planar media. In Sec. III we calculate this flux with respect to the separation distances betweeen the two polar media and with respect to the chemical potential of graphene. To quantify the role played by the graphene sheet we also introduce an amplification coefficient of heat flux due to the presence of graphene and we show that under appropriate conditions the latter can significantly amplify energy exchanges between the two polar materials despite of their spectral mismatch. We also demonstrate that the heat flux can be controlled by tuning the chemical potential of graphene. Next, to get insight on the physical origin of the amplification we analyze in Sec. IV in the frequency-wavevector plane the Landauer transmission coefficients, that is the coupling efficiency of modes supported by the two media, in the presence or not of graphene with respect to the separation distance and the doping level. We then show in Sec. V that the amplification we describe is stable with respect to the frequency mismatch between the two dielectric substrates. We finally summarize our results in Sec. VI. 
II. PHYSICAL SYSTEM
The physical system we consider, represented in Fig. 1 , is made of two parallel planar slabs of infinite thickness. We assume that slab 1, made of zinc sulfide (ZnS), is kept at a temperature T 1 = 290 K, while slab 2, made of gallium arsenide (GaAs), is kept at T 2 = 310 K, so that the Planck window is centered around λ = 10 µm (ω 1.8 × 10 14 rad/s). For the distance between the two slabs, noted with d, we will consider the region going from 10 nm to 3 µm, in order to explore the transition between near and far field. Starting from this reference configuration, we will first study the effect of one single layer of graphene deposited on the vacuum -GaAs interface, as shown in Fig. 1 .
Let us now focus on the optical description of the materials involved in the problem. We describe both GaAs and ZnS by means of a Drude-Lorentz model
the model parameters being [52] ε inf = 5.7, ω L = 0.66 × 10 14 rad/s, ω T = 0.53 × 10 14 rad/s and γ = 1.28 × 10 12 rad/s for ZnS, whereas ε inf = 11.0, ω L = 0.55 × 10 14 rad/s, ω T = 0.51 × 10 14 rad/s and γ = 4.52 × 10 11 rad/s for GaAs. This model predicts for both materials the existence of a surface phonon-polariton resonance, having frequency ω 1 0.65 × 10 14 rad/s for ZnS, and a lower frequency ω 2 0.55 × 10 14 rad/s for GaAs. The optical properties of graphene will be described in terms of a 2D conductivity σ(ω). Following Ref. 53 , this can be written as a sum of an intraband (Drude) and an interband contributions, respectively given by
where
The conductivity depends explicitly on the temperature T of the graphene sheet, for which we have chosen the same value T = 310 K of the GaAs substrate. Besides, Eq. (3) contains the relaxation time τ , which we have fixed (following Ref. 54 ) to the value τ = 10 −13 s. Finally, the conductivity depends on the chemical potential µ, allowing to actively tune the optical response of graphene and, in turn, the radiative heat transfer between the two structures.
We now need the explicit expression of the radiative heat transfer per unit area exchanged between the two structures. It is convenient to express this under the form of a Landauer decomposition [25] 
where n αβ (ω) = n α (ω) − n β (ω) is the difference between the two mean photon occupation numbers
The decomposition in Eq. (3) describes the radiative heat flux as a sum of contribution coming from each field mode, identified by the frequency ω, the parallel wavevector k = (k x , k y ) and the polarization p, which can be TE (transverse electric) or TM (transverse magnetic): each mode transports an energy ω, multiplied by a transmission coefficient T p (ω, k), taking values between 0 and 1. In the case of two parallel planar slabs, this quantity reads (the dependence on frequency and wavevector is implicit) 
RADIATIVE HEAT TRANSFER
We now have all the ingredients needed to analyze the heat transfer given by Eq. (3) as a function of both the distance d and the graphene chemical potential µ. As far as the former is concerned, we are going to explore the region d ∈ [10 nm, 3 µm], fully catching the near-field behavior and the transition toward the far field. Concerning the chemical potential, we are going to restrict our analysis to the range µ ∈ [0, 1] eV, containing physically accessible values.
We show our first set of results in Fig. 2 , where the flux ϕ is plotted as a function of the chemical potential µ for six different values of the distance d. In each panel, the µ-depending flux is compared with three reference values in the absence of graphene, i.e. the two configurations GaAs-GaAs and ZnSZnS of equal dielectrics as well as the scenario ZnS-GaAs, obtained just removing the graphene sheet.
A first glimpse of the six curves already gives an idea of the possibilities offered by the presence of graphene in terms of manipulation of the radiative flux. In particular, we observe not only that the flux can be monotonic or not with respect to µ depending on the distance considered, but also that the chemical potentials maximizing or minimizing the transfer are as well functions of d. As a general feature, we note however that (at least in the window of µ taken into account) approaching the far field reduces the degree of variation of the flux with respect to µ.
It is also instructive to consider the three reference values. We first remark that, not surprisingly, the values corresponding to couples of equal dielectrics always give a flux much higher than the configuration ZnS-GaAs, characterized by a surface-resonance frequency mismatch. More interestingly, for some values of the distance, tuning the chemical potential allows to go beyond the value of the flux corresponding to two GaAs substrates. This proves that the presence of graphene is not only able to permit a large variation and amplification of the flux through its chemical potential, but also to fully compensate the mismatch between the resonance frequencies of the two dielectrics.
This feature is more manifest in the complementary plot given in Fig. 3 , where the flux is shown as a function of the distance d for five different values of the chemical potential. We first confirm that the largest possible tuning (and amplification) is realized at the smallest distance, while all the curves corresponding to different values of µ converge to each other and to the configuration corresponding to the absence of graphene (blue dashed curve) when moving to the far field. Moreover, coherently with what was observed before, the different solid lines cross each other, showing that for each d the highest and lowest fluxes are realized for different chemical potentials. Finally, we clearly highlight two regions of distances where even the flux between two GaAs substrates is surpassed.
Inspired by the results presented so far, it is interesting to give an overall image of the possibilities offered by the presence of graphene in terms of tuning and amplification of the flux. With this respect, two complementary views are possible. On one hand, the ratio between the maximum and minimum values of ϕ (with respect to the chemical potential µ) can be plotted versus the distance d: this quantity tells us how much we can tune the flux by externally acting on the chemical potential. This ratio corresponds to the red dashed line in Fig. 4 . On the other hand, one can calculate the ratio between the maximum value of the flux with respect to µ and the reference value in the ZnS-GaAs configuration, i.e. in the absence of graphene. This second ratio describes how the presence of graphene is able to amplify the standard radiative flux between two dissimilar dielectrics by compensating the mismatch between the two different resonance frequencies. This quantity corresponds to the black line in Fig. 4 . The analysis of these two curves shows that in both cases we have a remarkable amplification factor which can go beyond one order of magnitude. More specifically, Fig. 4 clearly shows that the effect we highlight is a near-field effect. As a matter of fact, starting from d = 500 nm, i.e. when moving toward the far-field region, the two curves join each other and tend to 1, which means to an almost flat value of ϕ as a function of µ, in agreement with the last panels of Fig. 2 . The inset of Fig. 4 shows the value µ max of the chemical potential realizing the maximum value of the flux. This quantity is plotted for d 500 nm, i.e. in the region of distances showing a significant amplification. The curve shows that the value µ max saturates for d 500 nm at the maximum value of 1 eV imposed in our calculation. One must therefore bear in mind that also the two amplification curves shown in the main part of Fig. 4 are influenced by this choice. We will comment further on this point in the discussion of the transmission coefficients given below.
IV. TRANSMISSION COEFFICIENT AND SPECTRAL FLUX
To get more insight into the physics behind this tuning and amplification of radiative heat transfer we now focus on the analysis of the Landauer transmission coefficient T p (ω, k) for several configurations both in the absence and in the presence of graphene. As stated above, this quantity, always between 0 and 1, describes the rate of participation of the mode having polarization p, frequency ω and wavevector k to the energy exchange. In the following we focus only on TM polarization, since it is well known that this is the one mainly contributing to the amplification of radiative heat transfer in the near field [5] . To start with, we focus on the distance d = 20 nm, well within the near-field region, and we show in Fig. 5 the Landauer coefficients associated with the three standard dielectric-dielectric configurations, namely GaAsGaAs, ZnS-ZnS and ZnS-GaAs. Figures 5(a) and 5(b) show a scenario typical in the literature of near-field radiative heat transfer. We see two branches (symmetric and antisymmetric) of surface modes, converging to a horizontal asymptote corresponding to the frequencies of the surface resonances of the two materials. We observe that the branches associated with GaAs are thinner and are limited to smaller values of k. This stems from the fact that GaAs has smaller losses than ZnS, as manifest from the parameters given after Eq. (1). Figure 5 (c) shows the transmission coefficient for the ZnSGaAs configuration. We immediately see that, although the resonance frequencies are relatively close to each other, the mismatch produces a remarkable decoupling, reducing dramatically the number of modes effectively participating to the exchange, and thus the total integrated flux. We now turn our attention to the transmission coefficients in the presence of graphene, by considering in Fig. 6 four This transition as a function of µ and in particular the existence of an optimum chemical potential µ max can be explained on the basis of the optical properties of graphene. It is well known that a suspended sheet of graphene has a delocalized surface resonance mode in TM polarization whose dispersion relation does not have a horizontal asymptote (as in the case of phonon-polaritons for dielectrics and plasmons for metals), but behaves as √ k for small wavevectors. As discussed for instance in Ref. 31 , when a graphene sheet is deposited on a dielectric substrate supporting a phonon-polariton resonance, we have a strong coupling between the two surface resonances, producing two non-crossing branches. The one at higher frequencies inherits the √ k behavior typical of graphene. We see a trace of this in the transmission coefficient shown in Fig. 6(b) corresponding to optimum heat transfer. Starting with a simplified analysis, we can say that the lower branch, associated to GaAs alone, which would have without graphene a horizontal asymptote at the GaAs resonance frequency, is shifted thanks to the presence of graphene toward higher frequencies and, thanks to the positive dω/dk derivative inherited from the graphene surface mode, it is now able to cross the branch associated to ZnS, producing the region of highly-efficient modes evident in the plot. According to this first analysis, we would be tempted to state that a lower value of the chemical potential, leading to a lower dω/dk derivative of the dispersion relation, would produce an even larger flux, since it would produce the discussed coupling at even larger values of k, contributing more flux. Nevertheless, this statement ignores the fact that the modes effectively participating to the radiative heat transfer strongly depend on the distance d through the exponential factor e −2 Im(kz)d in the evanescent region [see second line of Eq. (4)]. Thus, the optimal µ is, within this simplified approach, the one producing the coupling between the two branches at the highest k participating to the energy exchange, roughly scaling as 1/d. This explains why the optimal chemical potential increases with the distance d (thus reducing the k at which the coupling is produced) as shown in the inset of Fig. 4 . This analysis also explains why this effect basically exists only in the near field, since only in this regime high values of the wavevector can be explored and exploited.
This view is further confirmed by the analysis of the dispersion relations of the cavity modes, given by the green lines in Figs. 5 and 6. These are obtained as the poles of the determinant of the scattering matrix of the cavity, coinciding with the zeros of the denominator of the transmission coefficient given in Eq. (4). In the four panels of Fig. 6 , we clearly see the two lower branches coming from the strong coupling between the individual modes of GaAs and graphene. We observe that, as µ increases, so does the derivative dω/dk of the one at higher frequency. This branch crosses the one describing the surface mode of ZnS at the optimal wavevector for µ = 0.05 eV. For higher values of the chemical potential [see Fig. 6 (c) and (d)], we observe the appearance of a further strong coupling between the graphene-GaAs mode and the one of ZnS, with an increased mode participation taking place at smaller k, thus producing a smaller radiative flux, as discussed above.
It is interesting to see the effect of a varying chemical potential on the spectral flux ϕ(ω), defined by the relation
In Fig. 7(a) the spectral fluxes corresponding to the three dielectric-dielectric configurations are shown. The quasimonochromatic flux typical of near-field transfer between equal materials is manifest for GaAs-GaAs and ZnS-ZnS, while the mixed configuration Zns-GaAs shows a much broader and lower spectral flux. Figure 7 (b) shows that the lowest values of µ allow to tailor the spectral flux by creating a peak around the ZnS resonance frequency which considerably approaches the one of the ZnS-ZnS scenario. Besides, the spectral flux is broader in this case, as a result of the √ k behavior coming from the presence of graphene. Finally, the highest values of µ give, as shown in Fig. 7(c) , an even broader spectral flux, at the expenses of a reduced peak flux at the resonance frequency.
V. ROBUSTNESS WITH RESPECT TO FREQUENCY MISMATCH
Our analysis has revealed so far that graphene is able not only to modulate the radiative heat flux between the two semiinfinite substrates, but also to fully compensate for the frequency mismatch between the two surface resonances. Nevertheless, this study has been performed for a specific choice of the two dielectrics, corresponding to a frequency mismatch ω 1 − ω 2 0.1 × 10 14 rad/s. The aim of this section is to study how the tuning and amplification highlighted so far are robust with respect to the frequency mismatch between the two dielectrics. We expect the presence of graphene to have a negative effect in the case of identical dielectrics (and thus of perfect match of surface-resonance frequency), but it is not evident to guess how the possible amplification depends on the mismatch. To this aim, we perform a parametric study in which we artificially modify the Drude-Lorentz model given in Eq. (1) describing the optical properties of ZnS, by adding a frequency shift ∆ω to both ω L and ω T . While representing a theoretical study (since a given ∆ω does not necessarily represent a real material and the dissipation rate is kept constant), this analysis gives anyway an indication of the existence and extent of the effect considered here as a function of the frequency mismatch. Based on our definition of ∆ω, the material corresponding to ∆ω = −0.1 × 10 14 rad/s implies a surface resonance matching the one of GaAs.
In our analysis we fix the distance to the value d = 20 nm and study the amplification (defined as the ratio between the best possible flux in the presence of graphene and the one in the absence of graphene, the one corresponding to the black solid line in Fig. 4 ) as a function of the frequency shift ∆ω. The results are shown in Fig. 8 . We first observe that for ∆ω = 0 we find the amplification factor close to 17, already shown in Fig. 4 for d = 20 nm. The transition from ∆ω = 0 to ∆ω = −0.1 × 10 14 rad/s show, as expected, a dramatic reduction of the amplification factor. More specifically, when the frequency shift produces a match between the two individual resonance frequencies, the amplification goes below 1, showing that the presence of graphene is only able to reduce the heat flux in this case. More interestingly, Fig. 8 shows that, apart from a narrow range of ∆ω, the amplifi- cation shows a high value even for relatively high values of frequency mismatch, proving that this tuning and amplification effect is robust with respect to the choice of materials. This robustness can be understood more in detail by analyzing the inset of Fig. 8 , where the flux in the absence of graphene (red dashed line) and the optimized one in the presence of graphene (black solid line), i.e. the ones whose ratio gives the amplification factor, are shown. The flux in the absence of graphene shows a very narrow peak as a function of ∆ω: this confirms that the well-known near-field amplification in the presence of two surface resonances is extremely sensitive to their matching. On the contrary, for a given mismatch ∆ω, there exists a chemical potential optimizing the flux: as a result, the optimized flux in the presence of graphene remains comparable to the one corresponding ∆ω = 0 for a large range of frequency shifts. Because of the limitation imposed on the values of the chemical potential, the amplification tends to 1 for high values of ∆ω.
VI. CONCLUSIONS
We have demonstrated that a graphene sheet can be used as a relay between two dissimilar polar materials which interact in the near field in order to tune and to magnify the radiative heat flux they exchange through the surface phonon-polariton tunneling. This effect results from a coupling of the surface plasmon of graphene with the surface polaritons characterizing the two dielectrics. A direct consequence of this coupling is an increase of the number of modes which contribute to the net flux exchanged between the two materials. More specifically, we have shown that in the near field an optimized choice of the chemical potential is able to produce a flux amplification going beyond one order of magnitude. After discussing this effect in the specific case of GaAs and ZnS, we show that this amplification is robust with respect to the frequency mismatch between surface resonances. Our results broaden further the interest of using graphene in dielectric-dielectric scenarios in order to actively tune radiative heat transfer.
